
Ica) If f is son (a,b), then thisLipselitz
on TC, d1 < (a, b)

Pf:Since of is C, f' iscontinuous

on IC, d1.

Then there exists some Mso much that

If(x))M for any
xe[c,d1.

For my x,ye[c,d1, by
Mean Value Theorem,

there exists 3 between xand y
such that

fix - f(y) =f(3)(x-y).

Then Ifex-fiys) =(f(3))(x
- y) <MIx-y).
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(b) Letfix = (xsmt, xto,
/

X =0.

show that I is continuous ata but not

differentiable at 0.

Pf:Since (sink)=1, - x = f(x) = X.

Since li 7x1= limx =0, by Squeeze Theorem,
x-0 x+0

lim f(x) = 0 =f10).
X-0

Hence t is continuous at 0.

Note that A-x=sin
X-0

Take xn=In, y2=int'.
Then Anto, Into

und sint-0, sing-1 as new.

Therefore him-I sitdoes notexist.

Hence of isnot differentiable at 0.
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21a) LetfIRC, b1. Then there exists a sequence (Yul

ofstep functions much that lineniidx:Ifixdx.
Ruk:Actually, you are expected to find such sequence

Mn) ofstepfunctions with in-sf. But due to

the nuclear statementofthe question, Yuixs-dx
is also acceptable.

Pf: Since feRTa,b1, (atoxdx = ((f1.
By definition, there exists a sequence (Pr) ofpartitions
such that LIf,Pu) > (atexdx - i.
Write Pn= (x,

...,x

and &x =Einfltex:XE[xx-1,411)Xixan, Xx).
Then Jidx =*fifexs:[xx-1, xx1) (xn-xxx-1)k=1

=LC,Pr)< (taxsdx - I.
Clearly, thef.

Then (aexedy> (fexidx.
By Squeeze Theorem, flexdx(fixidx.
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(b) There existsa sequence (gu) ofcontinuous functions

such that"taxdx=fagnixidy.
U

Rik:We shall prove =(yu) s.t. (a19nx) - fexs/dx -o

But guix)=Acisacceptable in the test.

Pf: We adjustthe step functions in in (as

to getcontinuous functions.

Butcas. 1.Mixs-texs/dx

=Itidx-/enxidx ->o as new

By Triangle Inequality,

1x - fexs1dx-3/ex-fexs(des-gixildy.
It suffices to find continuous on such that

Jalexs-guexildx to as nex

- 14nkM
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Take on as the piecewise linear functions like

the red graph.
Then (14nx-quixs/dx-2M.I. mn=tto as

ummn
n=0

Hence (Ignix)- fexsldx -0 as 170.
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3(a) Let fuif be differentiable functions on (a,b)

Suppose full) -> fics for some at(a,b)
and

Ifon (a, b1.

The fr If on (a,b).

Pf:Fix 330.

Note that

(ix) - f(xs)= /fuss - fecs(+(if -f(cx) - (f)(c))

=Hux-ficltn-f;(5s)/x-c) for some 3
between Xand-> (fuk - f(x) +(fn13) - f((3))(b- a).

Since fics-fics as new, there exists NE

such thatfor any nxN, Huis-ficsk.
Since theth, there exists Netsuch
that for any nsN2, for any ye(a,b),
Ificy) -fiys/< has.

Take N= max)N,N2)

For any n3N, for any Xta,b),



Ifuxs -f(xs)?Hux) - f(()) +(fn(5) - f(5))sb-a)
- +a,b-a) =2

Hence fr if, on (a,b).

The converse is false.

xYx0 on 10.1) (See Intorial 10.)
(x41 - x))=nxx - x) - x

If (x2x))'=0, since nx".xo, we get

x=0 on 10,1). Contradiction.
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